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Abstract. In this paper, we study asymmetric information economies con- 
sisting of both non-negligible and negligible agents and having ordered Banach 
spaces as their commodity spaces. In answering a question of Hcrvcs-Bcloso 
and Moreno-Garcfa in |17| . we establish a characterization of Walrasian expec- 
tations allocations by the veto power of the grand coalition. It is also shown 
that when an economy contains only negligible agents a Vind's type theorem 
on the private core with the exact feasibility can be restored. This solves a 
problem of Pesce in |20l . 



1. Introduction 

In their seminal papers [3] and [19], Arrow, Debreu and McKenzie considered 
an economic model consisting of finitely many agents. Since only finitely many 
coalitions can be formed in such an economy, the characterization of Walrasian al- 
locations by the veto mechanism is asymptotic 7 . Later, Aumann [3] considered an 
economic model consisting of a continuum of agents by taking [0,1] with Lebesgue 
measure as the space of agents and established a characterization of Walrasian allo- 
cations in terms of the core. The main advantage of Aumann's model is that perfect 
competition prevails, that is, the influence of any individual agent on the economy 
is negligible. However, the competition in many real economies is imperfect, for 
instance, in an economy which has some individual agents who own large portions 
of initial endowments of some commodities. This is the main motivation to con- 
sider mixed economies or oligopolistic markets, refer to [8], [12], [20], and [24]. In 
Chapter 7 of [6] , uncertainty was introduced in the Arrow-Debreu-McKenzie model 
by allowing finitely many states of nature and viewing the commodities as differen- 
tiated by state. In this model, each agent possesses the same full information and 
makes a contract contingent on the realized state of nature. However, such a model 
does not capture the idea of contracts under asymmetric information. This analysis 
was extended by Radner in J21] , where each agent is characterized by a private in- 
formation set, a state-dependent utility function, a random initial endowment and 
a prior belief. The trade of an agent is measurable with respect to his information 
so that he cannot act differently on states that he cannot distinguish and an agent 
makes a contract for trading commodities before he obtains any information about 
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the realized state of nature. Radner also extended the notion of a Walrasian equi- 
librium in the Arrow-Debreu-McKenzie model to that of a Walrasian expectations 
equilibrium in his model so that better informed agents are generally better off. 

In this paper, we consider a mixed economy with asymmetric information and 
infinitely many commodities. In Section [2] we provide a general description on 
our model. Section |3j is devoted to study a special case of our model, where the 
space of agents is an atomless measure space. Two results on the private block- 
ing power of a coalition are established, and measures of blocking coalitions when 
agents are asymmetrically informed are studied. Schmeidler [23. first improved Au- 
mann's equivalence result by only considering the blocking power of small coalitions 
in a complete information and atomless economy with finitely many commodities. 
Schmeidler's result was further generalized in Grodal [13]. Finally, Vind [26] showed 
that if some coalition blocks an allocation then there is a blocking coalition with any 
measure less than the measure of the grand coalition. Although Herves-Beloso et 
al. [14] pointed out that analogous results of Vind's theorem are generally false for 
an atomless economy with the space of real bounded sequences as the commodity 
space, extensions of Vind's theorem for special economies with asymmetric infor- 
mation and the free disposal condition can be found in [5], [15] and [16]. Recently, 
Herves-Beloso et al. [TH] established a Vind's type theorem for the process of infor- 
mation shared by coalitions in an asymmetric information economy having a finite 
dimensional commodity space and the free disposal assumption. Considering an 
ordered Banach space whose positive cone admitting an interior point as the com- 
modity space and a complete finite positive atomless measure space of agents, Evren 
and Husseinov [11] established a Vind's type result on the private core of an econ- 
omy under the free disposal condition and other additional assumptions. However, 
as mentioned in [20], whether there is a version of Vind's theorem on the private 
core of an economy with the exact feasibility for finite dimensional economies is still 
an open problem. Here, we investigate this question for an asymmetric information 
economy with an ordered Banach space whose positive cone has an interior point as 
the commodity space and give a full solution. As a result, the equivalence theorem 
for finite dimensional economies in [2] is further generalized. The corresponding 
problems on the (strong) fine core of an economy are also considered. 

Concerning a complete information economy, Herves-Beloso and Mareno-Garci'a 
[17] provided a characterization of Walrasian allocations by robustly efficient alloca- 
tions when the economy has a continuum of agents and finitely many commodities. 
More precisely, if / is a Walrasian allocation then it is non-dominated in not only 
the initial economy but also all economies obtained by modifying the initial endow- 
ments of any coalition in the direction of /. In the same paper, they also showed 
that such a result holds for economies with asymmetric information and the space 
of real bounded sequences as the commodity space. In Section [4] a similar result is 
established in an asymmetric information economy whose space of agents is a com- 
plete finite positive measure space and commodity space is an ordered separable 
Banach space whose positive cone has an interior point. Other results in Section 
S] concern the relationships among different types of cores. Einy et al. [9] showed 
that the fine core is a subset of the ex-post core for an asymmetric information 
economy with an atomless measure space of agents and a finite dimensional com- 
modity space. One year later, they established a characterization of the weak fine 
core by the private core in a complete information economy in [10] , where it was 
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assumed that the grand coalition is a finite union of pairwise disjoint measurable 
subsets having positive measure and any two agents in the same measurable sub- 
set have the same information. Here, these results are extend to mixed economies 
with asymmetric information and ordered separable Banach spaces whose positive 
cones contain interior points as commodity spaces. Furthermore, in our framework 
there may exist an information type associated with a null measurable subset of 
the grand coalition. 

2. The model 

Let £ be an exchange economy with asymmetric information as in [3T] and [22] . 
Suppose that (Q,J-) is a measurable space, where f2 is a finite set denoting all 
possible states of nature and the cr-algebra T denotes all events. Following from 
the well-known mixed market model, the space of agents is a measure space (T, E, \x) 
with a complete, finite and positive measure //, where T is the set of agents, E is 
the cr-algebra of measurable subsets of T whose economic weights on the market 
are given by [i. Following from a classical result in measure theory, T can be 
decomposed into two parts: one is atomelss and the other contains countably many 
atoms. That is, T = Tq UTi, where T is the atomless part and T\ is the countable 
union of ^i-atoms. Since each ^i-atom is treated as an agent, A e T\ is used instead 
of A C T\ if A is a /i-atom. Agents in To are called "small agents" and those 
in T\ are called "large agents 11 . In each state, infinitely many commodities are 
assumed. Throughout, the commodity space of £ is an ordered Banach space Y 
whose positive cone has an interior point. The order on Y is denoted by <, and 
Y + = {x e Y : x > 0} denotes the positive cone of Y. The symbol x ^> (resp. 
x > 0) denotes a strictly positive (resp. non-zero positive) element x of Y+. The 
economy extends over two time periods r = 0, 1. Consumption takes place at r = 1. 
At t — 0, there is uncertainty over the states and agents make contracts that are 
contingent on the realized state at r = 1. Thus, £ can be defined by 

£ = {{tt,T); (T,E,Ai); Y+; (T t ,U t ,a(t, ■),q t ) teT }. 

Here, Y + is the consumption set in every state u> e Q for every agent t G T; Tt 
the cr-algebra generated by a partition Tl t of fl representing the private information 
of agent t; Ut ■ X Y + — >• R is the state- dependent utility junction of agent t; 
a(t, •) : fi — > Y + is the random initial endowment of agent t, assumed to be constant 
on elements of Tit ] and qt is a probability measure on f2 giving the prior of agent t. It 
is assumed that q t is positive on all elements of £2. The quadruple (Ft, U t , a(t, •), q t ) 
is called the characteristics of the agent t 6 T. A function x : Q — > Y + is interpreted 
as a random consumption bundle in £. The ex ante expected utility of an agent t for 
a given random consumption bundle x is defined by V t (x) = J2ujen Ut(w , x)qt(w) . 

Any set S G E with fi(S) > is called a coalition of £ . If S and 5" are two 
coalitions of £ with S' C S, then 5" is called a sub-coalition of S. For a coalition S 1 in 
£, an S-assignment in £ is a function / : S x 57 — » Y" + such that f(-,uj) 6 Lf(/j,, Y + ) 
for all uefi, where Lf(fi, Y + ) is the set of all Bochner integrable functions from 
S into i+. It is assumed that a(-,w) £ Lj(/i,Y + ) for each w G O. Put L t = {i £ 
: x is J^-measurable}. An S'-assignment / in £ is called an S-allocation if 
/(*,•) G L t for almost all t £ S, and it is said to be S-feasible if f s f(-,u))dfi < 
J s a(-,uj)d/j for all T-assignments, T-allocations and T-feasible allocations 

are simply called assignments, allocations and feasible allocations. A coalition S 
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privately blocks an allocation f in £ if there is an S'-feasible allocation g such that 
Vt(g(t, •)) > Vt(f(t, •)) for almost all t £ S. The private core of £ is the set of all 
feasible allocations which are not privately blocked by any coalition. A price system 
is an immeasurable, non-zero function it : SI — > Y£, where Y£ is the positive cone 
of the norm-dual space Y* of F. The budget set of agent £ can be defined by 

B t (7r) = < x £ L t : ^ (tt(w), x(u;)) < ^ <7r(w), a(t, w)> I . 
I wen wen J 

A Walrasian expectations equilibrium of £ in the sense of Radner is a pair (/, n) , 
where / is a feasible allocation and ir is a price system such that for almost all 
t £ T, /(f, •) G £? t (7r) and f(t, •) maximizes V* on B t (ir), and 

5^ /ttM, J^f(-,uj)d/i\ = ^ /tt(cj), j^a(-,Lj)dfj\ . 

Two agents are said to be the same iype if they have the same characteristics. 
The family of partitions of SI is denoted by For any Q £ *P, let Tg = {( e 
T : n t = Q}. For any coalition 5, put <p s = {Q G : S n Tg ^ 0} and 
«P(5) - {Q £ %s : M(S n T Q ) > 0}. Then, U Qe qj T Tq = T and L t = L v if and 
only if t, t' £ Tq for some Q £ *Pt- For any S £ E, denotes the a-algebra 
generated by the smallest refinement of all members of £3 C ^5. 

Assumptions: 

(Ai) Measurability: The functions t qt and t Tt are measurable. This 

means that {i g T : g t g A} £ E for any Borel subset A of |S7| - 1 

dimensional unit simplex, and Tg g E for all Q £ 
(A2) Caratheodory: For each w G SI, (f, x) 1— > Ut{uJ, x) is a Caratheodory function 

on T x y + . This means that U/a(uj, x) is measurable for all (u>, x) £ fix Y + , 

and Ut(u>, •) is norm-continuous for all (t,u>) £ T x SI. 
(A3) Monotonicity: For each (£, w) G T x S7, if x, y £ Y + with y 3> 0, then 

U t (u>,x + y) > U t (co,x). 
(A 3 ) Strong monotonicity: For each (t, cj) g T x SI, if x, y G with y > 0, then 

U t (u,x + y) > U t {u!,x). 
(A4) Partial concavity: For each (t ,w ) e ^1 x ^ an d S 1 - feasible assignment / 

with /x(5nTi) > in 5, U to (uj , f(u )) > j^shrT) Isnn u t (^o, f(; wo))d/z, 

where /(wo) = j^g^ / gnTl f(-,u )dii. 
(A 4 ) Concavity: For each (t, w) G T x SI, ?7t(w, •) is concave. 
(A 5 ) Sirici positivity: For each (i, w) G T x SI, a(t,co) 3> 0. 
(Ag) Similarity: All large agents are the same type. 
(A7) Minimality: T\ contains at least two elements. 
(A 8 ) Informativeness: \J S # T = J 7 . 

(Ag) J- -measurability : For almost alH G T and x G Y + , U t {-, x) is ^-measurable. 

Under (Ai) and (A 2 ), V(.)(-) : T x (F+) n -> R is a Caratheodory function. Under 
(A 3 ) (resp. (A 3 )), V t is monotone (resp. strongly monotone) in the sense that if 
x,y £ (Y + ) n with y(co) ^> (resp. y(co) > 0) for some ui £ SI, then Vt(x + y) > 
V t (x). Clearly, (A 4 ) implies that V to is partially concave for all to G T\, that is, 
V to (/(•)) > M (gnTi) /snTi v to(f(-r))dti for all t € Ti and S-feasible assignment / 
in £ with ^(S 1 f~1 T\) > 0, where / is defined in (A4). Similarly, (A 4 ) implies that 
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Vt is concave for all t € T. By (Ae), all agents in T\ have the same characteristics, 
so we use {J^t x , Ut ± , a{T\, •), qT ± ) to denote their common characteristics. Similarly, 
Vti denotes the common ex ante expected utility of agents in T\. Note that (Ag) 
is similar to (A. 4) in [9], and (Ai)-(A3), (A5) are the same as those in [11] . For 
undefined mathematical concepts and terminologies in this paper, refer to pQ. 

3. Privately blocking and exact feasibility 
in atomless economies 

In this section, we study privately blocking and exactly feasible allocations in 
an atomless economy. Thus, we assume T = To in this section. Two lemmas are 
established in Subsection 13.11 which are used in Section @] Similar to that in [25] . 
we also investigate the blocking power of a coalition for the (strong) fine core and 
the private core when the exact feasibility is imposed on allocations. 

3.1. Privately blocking coalitions. The following result is similar to Lemma 1 
in |llj . In order to obtain a slightly different conclusion, we provide a proof here. 

Lemma 3.1. Let an allocation f in £ be privately blocked by a coalition S and 
a G (0,1). Under (Ai), (A2) and (A5), there exist an S-allocation g and a sub- 
coalition S' of S such that 

(i) g(t,uj) > for all (t,u) G S' x fl, and V t (g(t, •)) > V t (f(t, •)) for almost 
allteS 

(ii) J s (a(-,u) — g(-,u)))d(i for all lu G Q, 
(hi) n(S' n T Q ) > an(S n T Q ) for all Q G <p(5). 

Proof. Since / is privately blocked by the coalition S, there exists an ^-feasible 
allocation h such that Vt(h(t,-)) > Vt(f(t,-)) for almost all t G S. Define a 
correspondence P f : S =t (Y+) n by P f (t) = {y G L t : V t (y) > V t (f(t,-))} for 
each t G S. Then h(t,-) G Pf(t) for almost all t G S. By ignoring a /i-null 
subset of S, one can choose a separable, closed linear subspace Z of Y n such 
that f(S, •) U h(S, •) U a(S, •) C Z. Consider a correspondence Pf : S =$ Z de- 
fined by P f (t) = Z n P f (t). By Remark 6 in [IT], Grp G S s 8) 05 (Z), where 
Sj = {A e E : 4 C S*}, Grp f denotes the graph of P/ and 05(Z) is the family 
of Borel subsets of Z. For any e > 0, define a correspondence N e : S Z by 
iV e (i) = {y G Z : ||y - -)[| < e}. Then, Grjy. G S s O 05(Z). Furthermore, 
Gr z G S s ® 05 (Z), where L : S =4 Z is defined by L(i) = Z n L t . For all < G S, 
choose e t such that e t = sup{e > : y G P/(t) whenever y G L(t) Pi N e (t)}. Conti- 
nuity of Vt implies e t > for almost all t € S. Let /3 > 0. Then, 

{tES:e t <P}= \J {teS:N r (t)nL(t)n(Z\P f (t))^lD}, 
reQn(o,/3) 
which is the projection of the set 

|J (Grjv r n Gr £ n(SxZ\ Gv p f )) G E s ® 05(Z) 

rSQn(0, / 9) 

on S 1 . By the projection theorem [1] p. 608], the set {t G 5 : e t < 0} G S, which 
means that the function t 1 — ^ et is measurable. Choose a sequence {c m } C (0, 1) 
such that c m — >• as m —> 00. For each m > 1, define ft m : S x f2 — >• F + such that 
h m (t,uj) = (1 — c m )h(t,u>) + ^r-a(t,u>). Then, h m is an S'-allocation, and h m (t,u) 3> 
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for all (t,w) G SxQ. For each m > 1, put S m = {t € S : \\h m (t, •)-&(*> Oil < e«}- 
Clearly, S m G £s and S m C SVn+i for all to > 1. Moreover, |J m 5 m ~ S and 
hence, linim^oo /j,(S \ S rn ) = 0. By the definition of et, h m (t, •) G -P/(£) for almost 
all t G S* m . For each m > 1, we now define a function g m :Sx!l-> y + by 



g m (t,u) = 



h(t,u), if t G (5\S m ) x!J; 
h m (t,u), if (t,uj) e S m x tt. 



Then g m is an ^-allocation, Vt(g m (t, •)) > V t (f(t, •)) for almost all t G 5, and 
g m (t,u)) 3> for all (i,o>) G 5 m x SI. Now, for each w G SI, 

s (-,o;)d/i = / h(-,uj)d/j,+ / h m (-,w)dfi 
Js\s m Js m 

(h(-,u) - h m (-,u))dn+ / h m {-,u)dpi. 
s\s m Js 

In addition, f s h m (-,Lu)dfi < (l — ^) J s a(-,Lj)dfj,. Consequently, we obtain 

g m (-,uj)dfi< c m (h(-,v) - ^a(-,u;)j dji+ (l - J a(-,u;)dfj., 

which is equivalent to 

(a(-,cj) - g m (-,uj))dfi > c m Q ^ a(-,uj)dfi - z m (ui) 

where z m (uj) = Jm g (h(-,cv) — |a(-,a;)J d/i. Since f s a(-,ui)dfi 3> 0, by absolute 
continuity of the Bochner integral, 5 J s a(-,u))dfj, — z m (uj) 3> for all cj G SI when 
to is sufficiently large. Pick a Qo 6 ^(S 1 ) satisfying fj,(S (~1 Tq ) < PI Tq) for all 
Q G ?P(5) and select a 1< 8 < ±. Then for all Q G ?P(5), 

(3.1) (1 - a5)/i(5 n Tq ) < (1 - a)/^ n Tq). 

Choose some integer to such that (x(S m ) > aS^j,(S D Tg ) + fi(S \ Tq ). Obviously, 
n{S m n Tq ) > afj,(S (~1 Tq ). It is claimed that fi(S m D Tq) < a/x(,5 n Tq) implies 
(l-a<S)/i(STiTQ ) > (l-a)/i(5nT c ) for any Q G < P(5 , )\{Q }- If not, there is some 
C E^{S)\{Qo} such that /i(5 ra nT s -) < a/j(SnT s< ) but (1 - a£)ji(S n T So ) < 
(1 - a)fi(S n T Q /). It follows that 

Ai(S'm) = /i(5 m DT Q /)+ v(s m nT Q ) 

Qeq}(s)\{Q'} 

< ^(5nr S /)+^nT So )+ £ m(shTq) 

Qe<P(S)\{Q ,Q'} 

< a(5/i(SnT So ) + ^(S'\Tq ), 

which contradicts with the choice of S m . This verifies the claim. By (|3.1[) and the 
claim, we conclude that fJ,(S m D Tq) > a/x(5 ("1 Tq) for all Q G The proof is 

completed by letting g = g m and 5" = S m . □ 

Remark 3.2. The conclusion of Lemma [3.11 is also true if the atomless measure 
space is replaced by a complete finite positive measure space. 

Lemma 3.3. 25 Suppose that (X, S, /i) is an atomless measure space and E is a 
Banach space. If f G if O, £Q, i/iera the set H = cl{J B f : B G £} Z5 convex. 
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The following result is an extension of the result used in the main theorem of 
[26j to an asymmetric information economy whose commodity space is an ordered 
Banach space having an interior point in its positive cone. 

Lemma 3.4. Let f be an allocation in £ . Suppose there exist a coalition S , a sub- 
coalition S' of S and an S-allocation g such that g(t,u>) S> for all (t,co) eS'x f2, 
<P(5) = <P(S") and V t (g(t, •)) > V t (f(t, •)) for almost all t G S. Under (Ai)-(A 3 ), 
for each r G (0, 1), there exists an S-allocation h such that Vt(h(t, •)) > Vt(/(i, •)) 
for almost all t G S, and j s h{-,uj)d^ = j s {rg(-,uj) + (1 — r)/(-, cj))<i/i for all w € ft. 

Proof. For each m > 1, let g m : 5x0 — > Y + be defined by g m (t, w) = (1 — c m )g(t, u). 
Then g m is an 5-allocation and g m (t,uj) 3> for all (t,u) G S' X CI. Pick an 
r e (0, 1) and a Q G *P(5). Let {c m } be a sequence in (0, 1) such that c m — > 
as m —> oo. Applying an argument similar to that in Lemma l3.1[ it can be shown 
that there is an increasing sequence {S^} C SsnT e such that (J m S® ~ 5 H Tg, 
lim,™ n T Q ) \ S£) = 0j and Vt( 5ro (i, •)) > V t (f(t, •)) for almost all t G 5.2. 
Choose an mg such that fj,(S' D Tq n 5 r ^ Q ) > 0. Consider the function y Q : 
(5 n T Q ) x O -4- F+ defined by 

g ma (t,U)), if G S% a x O; 

g(t,uj), otherwise. 

Obviously, y Q is an (5 D Tg)-allocation, and Vt(y s (i, •)) > V t (f(t, •)) for almost all 
t G S n Tg. Furthermore, for all we!!, 

y Q (-,uj)dfi= / g(-,uj)d^ - c ma / g(-,u})d/j,. 
SnT a JSnT a ^ S S. Q 

Let a;^ ^> be chosen such that a;^ < ^l 2 - J„ e g(-,uj)d^ for all w G O. Let U (r, Q) 

be an open neighborhood of such that rx Q — U(r, Q) C intY+. By Lemma 13731 

Hq = cl | (^i(E Q ),J^ (y Q - f)d^j G R x Y n : E Q G S S nT e J 
is a convex set. So, there is a sequence } C SsnT e such that for each w£fl, 
lim f^O), / (y 2 (-, W )-/(., W ))^] = r( M (5nT s ), , 

where z q (oj) — J SnTa (y Q (-,uj) — f(-,uj))dfi. Define a function b® : fl — > Y such 
that b%(u) = f ES (y Q (-,uj) - f{-,uj))dfi - rz Q (uj). Since ||6£(a;)|| -»• as n -> oo, 
there is an ng such that b% Q (uj) G U(r, Q) for all u G Q and /i(B n s s ) < /i(5 n Tg). 
Consider the function g s :(5nTg)xf2— >F + defined by 

y Q (i,^), if (t,w) g£„ s q x!!; 

/(t,w) + -, raQ -T- ) if (t,w) G ((SnT e )\B n e ) x 0. 

By (A 3 ), we have V t (g Q (t, •)) > ^(/(t, •)) for almost all t G 5 n Tg and g Q is an 
(5 n Tg)-allocation. Thus, we have 

/ g Q {;uW = f {y Q {-,uo)- f{-,u))d^+ f f(-,uj)d^ + rx Q . 
JSIITq •' e % q JsnT Q 



2 (*, W ) = 
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Furthermore, for all to 6 Q, 

(y%,u) _ /(.,o;))d/x - b% («) - r / ( 2 / s (-,c) - /(-,u;))d/z. 



Consequently, we obtain 

7 S (-,^« / (ry e (^w) + (l-r)/(.,a;))d/i + 2rs t 
'SnT e JsnT a 

for each W G 12, which implies that for each oj G fl, 

7 2 (-, W )d/i« / (r fl (-,w) + (l-r)/(-,w))dM. 

'SHTq JshTq 

We now define a Q-measurable d Q : f2 — >• Y + such that for each u> G fi, 
1 

MS n Tq) 

Clearly, d 2 (w) 3> for each u e 11. Define an (S (~1 Tg)-allocation by h Q (t,ui) — 
g Q {t,uj)+d Q {u) for all (t,w) G (5 D Tq) x fi. Then, l/ t (/i s (t, •)) > ^t(/(*,0) for 
almost all £ G SnTg and J SnTQ h Q (-,uj)d^i = J SnTa (rg(-,u)) + (l — r)f(-,u)))dfA for 
all w G f2. Let /i : 5 x fl — > Y + be defined by 

h Q (t,uj), if (t, w) 6 (Sn Tq) x fi andQG^S); 

g(t,uj), otherwise. 

It can be readily checked that ft- is the desired S-allocation. □ 



d Q (u) 



{rg(;u;) + (l-r)f(;u;))dfi- / g a (;u)d^ 
ShTq JsnT a 



h(t,u) 



3.2. Allocations with the exact feasibility. In this subsection, we provide a 
characterization of exactly feasible allocations of £ that are not in various types of 
cores. Given a coalition S of £, an .^-assignment / in £ is called S-exactly feasible 
if J s f(-,uj)dfi = J s a{-,bS)dfjb for all lj G fl. For simplicity, T-exactly feasible 
assignment is just termed as exactly feasible assignment. An allocation / in £ 
is NY-strongly fin$\ blocked by a coalition S [28] if there exist a sub-coalition So 
and an S-exactly feasible assignment g such that g{t,-) is V ^Ps-measurable and 
V t (g(t,-)) > V t (f(t,-)) for almost all t G S, and V t (g{t,-)) > V t (f(t,-)) for almost 
all t G So- The NY- strong fine core of £ is the set of exactly feasible allocations 
which are not iVy-strongly fine blocked by any coalition of £ . 

Lemma 3.5. Let an allocation f in £ be NY-strongly fine blocked by a coalition S 
of £ . Under (Ai)-(A2), (A3) and (As), there exist a sub-coalition S' of S and an 
S -assignment g such that 

(i) g(t, •) is V tys -measurable and Vt(g(t, •)) > Vt(f(t, •)) for almost all t G S, 

(ii) g(t,oj) » for all (t,uj) gS'xfl, 

(iii) j s (a(-,uj) — g(-,oj))dfi ^> for all oj G Q. 

Proof. Since / is AF-strongly fine blocked by S, there are a sub-coalition So of 
S and an S-exactly feasible assignment y such that y(t, •) is V ^5-measurable and 
V t (y{t, •)) > V t (f(t, •)) for almost all t G S, and V t (y(t, •)) > V t (f(t, •)) for almost all 
t G So- Without loss of generality, we may assume that //(So) < fi(S). Otherwise, 
the argument will be similar to that in Lemma 13.11 By (A 3 ) and the fact that 



*NY is the abbreviation of Nicholas Yannelis. Here, we follow some idea of his definition in 
[28] . to distinguish it from the concept of Wilson in |27| . 
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Vt(y(t, •)) > Vt(f(t, •)) for almost all t G So, there exist an atom A of V*Ps an d a 
sub-coalition Si of So such that y(t,w) > for all cj G ^4 and almost all £ G Si. 
Let {c m } be a sequence in (0, 1) converging to 0. For each to > 1, we define a 
function y m : Si x CI — >■ Y" + such that y m (t,ui) = (1 — c m )y(t,uj). Then y m (t,-) 
is VPs-measurable for almost all £ G Si. By an argument similar to that in 
the proof of Lemma 13. 1[ it can be shown that there is a sub-coalition S m of Si 
such that Vt(y m (t, ■)) > Vt(f(t,-)) f° r almost all t G S m . Note that the function 
b : A — > Y + , defined by b((d) — ^f- f„ y(-,uj)dfi, is V ^-measurable. Define a 
function y : (S \ So) X Cl ->■ Y + by 



V^^ + lSxh' if(i^)e(S\S )xA; 
y(t,ui), otherwise. 

Furthermore define another function h : S x Cl — > Y + by 

r #(«,«), if (t,w) G (S\S ) x!J; 
fc(t,w) = J if (£,cc>) G (So \ S m ) x Cl; 

I y m (t,uj), if (£, w) G S m X Cl. 

Then, y(£, ■) is V ^s-measurable and by (A3), V t (y(t, ■)) > V t (f[t, ■)) for almost all 
t G S \ S . It follows that h(t, •) is VPs-measurable and V t [h(t, •)) > V t (/(i, •)) 
for almost all £ G S, and / s h(-,u>)dfi < J s a(-, u>)d(i for each we!!. Next, for each 
to > 1, define a function £t m : S x — > Y + by h m (t, uj) — (l — c m )h(t,u)) + £ J L a(£, w). 
Clearly, /i m (£, •) is \J ^-measurable for almost all £ G S, and h m (t,ui) 3> for all 
(£, u) G S x 17. Applying an argument similar to that in the proof of Lemma 
13.11 one can find an increasing sequence {R m } C £5 such that (J m R m ~ S and 
Vt(h m (t, •)) > V t {f{t, •)) for almost all £ G i? m . Finally, for each m > 1, consider 
the function g m : S x Cl — > Y~ + defined by 



g m (t,u) = 




if (t,w) G (S\il m ) x ft; 
if (£, w) G i? m X O. 



Following from the steps at the end of the proof of Lemma 13.11 it can be verified 
that the conclusion of this lemma is true when to is sufficiently large. Hence, the 
proof is completed by selecting such an to and setting S' = R m and g = g m . □ 

Theorem 3.6. Let an exactly feasible allocation f be not in the NY-strong fine 
core of £ . Under (Ai)-(A2), (A 3 )-(A 4 ) and (A5), for any < e < fx(T), there is a 
coalition S with /i(S) = e which NY -strongly fine blocks f . 

Proof. Suppose that / is ./VK-strongly fine blocked by a coalition S. By Lemma 
13.51 there are a sub-coalition S' of S and an S-assignment g such that (i)-(iii) of 
Lemma T3. 5 1 hold. Define a function z : Cl — > Y + such that for all to G Cl, 



Hq = cl i (V(£ S ), J eq (« ~ s)d/*J G R x F n : £ 9 G £ S nT a } 



(3.2) *(«)= / {a{-,Lo)-g{-,Lo))d^. 

Js 

Then > for all lo e Cl. For any fixed Q G 9*(S), by Lemma 153 
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is convex. For any given 5 € (0, 1), there is a sequence {E^} C SsnT e such that 

Urn (n(Eg), f (a(. |W )- 5 (.,w))dMj =WnT s ), z s H) 

for all u> G f2, where z^(w) = J SnTQ (a(-,cj) — g(-, u)))dfi. Since /i is atomless, we can 
select a sequence {F®} C E S nT e such that jti(F®) = <5^(S , nT s ) and fj,(F^AE^) = 
\5n(SnT Q )-fi(E%)\. Indeed, if ^(£,?) > <5^(SnT s ), we select any F r f C £2 with 
^(F n e ) = 5n(Sr\T Q ); Otherwise, we first select C% C (SnTq) \ with ^(C®) = 
^(5nT Q ) -n(E%) and put F,? = E%L)C%. As a result, lining fi(F^AE^) = 0, 
which implies that lim n _ ) . 00 f FQ (a(-,u)) — g(-,ui))dfx — 8z^-{uj) for all uffi, Let 

^ = f U ^ S ]U( U ( 5nT s) 

\ee<P(s) / \Qe5Ps\5P(S) 
for all n G N. Then n{F n ) = 5[i(S) and limyj^oo J F (a(-,w) — g(-,u))dfi — Sz(lu) 
for all uefi. Hence there is an no such that J F (a(-,uj) — g(-,w))d[i 3> for all 
w G SI. Since \f^F no = the function z no : il — > Y + , defined by z no {uj) — 

J F (a(-, u>) — <?(-, u))dfi, is \f *Pf„ -measurable. Define a function <) : F no x f2 — > Y + 

such that w) = g(t, uS) + ^jjjgy- By (A3), / is TVF-strongly fine blocked by F no 
via g, which proves the theorem for e < fJ-(S). If fJ-(S) = the proof has been 

completed. Otherwise, fi(T \ S) > 0. Let R = T\S. Again by Lemma [ 

Gq = cl I (u{B Q ),j^ (a - f)df?j eUxY n :B Q e 5W C 

is convex for all Q G ^P(-R). Given any a G (0,1) and Q G *J5(i?), applying an 
argument similar to the previous one, one can find a sequence C Sfl n y Q such 

that = (1 - a)fi(R n Tq) and for all w G O, 



n— J- 00 



lim / (o(-,w) - f(-,u))dfj, = (1 - a)K J (w), 

" 'BO 



where k s (cj) = j RnTQ (a(-,uj) - f(-,u))dfi. Let 



Sn= (J B n U U (^ nT s) 

\Qe<p(i?) / \ Se? P R W( R ) 
for all n G N and k(w) = J R (a(-, uj) — /(•, w))dn for all w G f2. For all n > 1, define 
a function 6„ : fl — > Y + such that 



(3.3) 6„H = (1 -«)*(«) - / (o(-,w)-/(-,w))d/*. 

Then 6„ is V 'Ps^ -measurable for all n > 1, and ||6„(cj)|| — > as n — > 00 for 
all w G Q. Choose an m satisfying az(u) — 6 ril (c<j) 3> for all u g fi, define 
<? Q : 5 x SI — ► y + such that 

# a (i, u) = ag(t, ui) + (1 - a)/(i, w) + — ^(az(w) - 6 ni (cj)), 

and take 5 = S U B ni . Note that fi(S) = fi(S) + (1 - a)/i(T \ 5) and g a is VPs- 
measurable for almost all t E S. By (A(j) and (A^), V t (g a (t,-)) > V t (f(t,-)) for 
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almost all t G S. It remains to verify that / is TVy-strongly fine blocked by S. To 
this end, define y a : S x ft — > Y + by 

g a (t,u), if (t, u) G S x Q; 

f(t,u), if (t, w) G B ni x O. 



Then j/ a (t, •) is V CPg-measurable and Vt(j/ a (t, •)) > Vt(f(t, •)) for almost all t G 5, 
and Vt(y Q (<, •)) > Vt(/(i, •)) for almost all t G 5. Using (gjjij) and ([33]) . one has 

(a(;u)-y a (;w))dn = (l-a) / (a(-, w) - f(-,w))dn = 
j Jt 

for all a; G £1. This completes the proof. □ 

An allocation / in £ is NY-fine blocked by a coalition S |28j if there is an S- 
exactly feasible assignment g such that g(t, •) is V *Ps-measurable and Vt(g(t, •)) > 
Vt(f(t, •)) for almost all t G S. The NY-fine core [28] of £ is the set of exactly 
feasible allocations which are not iVF-fine blocked by any coalition of £ . 

Remark 3.7. Under (Ai)-(A 3 ), (A' 3 )-(A' 4 ) and (A 5 ), an analogous result can be 
derived for allocations not in the iVy-fine core of £ by modifying the functions g a 
and y e in the following way: 

g a (t,w) = ag(t,u) + (1 - a)f(t,u) + —}—(az(uj) - b nx (u)) - x), 

and 

( g a (t,Lu), if (t,uj) eSxH; 

Va{t,Uj) = \ ffru) + if (t,w) G S ni x n, 

where x 3> such that az(w) — b ni {u) - i » 0. 

Definition 3.8. An allocation / in £ is NY-privately blocked by a coalition S [28] 
if there exists an ^-exactly feasible allocation g such that V t (g(t, •)) > V t (f(t, •)) 
for almost all t G 5. The NY-private core [28] of £ is the set of exactly feasible 
allocations which are not iVF-privately blocked by any coalition of £ . 

Now, we are ready to present one of the main results of this paper, which com- 
pletely answers a question of Pesce in [3D] Remark 1]. 

Theorem 3.9. Assume that f is an exactly feasible allocation in £ which is not 
in the NY -private core and < e < n(T). Under (Ai)-(A3), (A4) and (A5), / is 
NY-privately blocked by some coalition S with fJ>(S) = e. 

Proof. Since / is not in the TVY-private core of £ , there exist a coalition S and an 
S-exactly feasible allocation g such that Vt(g(t, •)) > Vt(f(t, •)) for almost all t G S. 
For all uj G tt and Q £ y$(S), let 

fj.{S n T Q J 7 SnTQ 

Choose an e > such that e < eQ 3 ^- > for all a; G f2 and Q G ty${S), an open ball C/ 
with center and radius e > such that e — U C intY" + and a A G (0, 1). Let {c m } 
be a sequence in (0,1) such that c m — > as m — > 00. Pick an arbitrary element 
Q G 5p(iS0, and define a function j2 : (SnTg) x (1 4 F+ such that g%(t,w) = 
(1 — c m )g(t,uj) + c m (eg(a;) — 2e). By an argument similar to that in Lemma f3.ll 
one can find an increasing sequence {S®} C SsnT Q such that |J S 1 ^ ~ 5 D Tq, 
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Km^ootOS n Tq) \ 5,2) = and V t (g£(t, •)) > V t (f(t, •)) for almost all t G Sg. By 
absolute continuity of the Bochner integral, there is some 6 > such that 

(g(;u) - e Q (u))dfj, £ U 

Rq 



fx(S n Tq) 



for all R Q G S SnTQ with (J,(Rq) < S and Q G <#(S). For each Q G ^(S 1 ), choose an 
mg such that 

i*(S% a ) > (i-^(SnT s ) 

and [x((S D Tq) \ S 2 Q ) < S. Let m = max{m s : Q £ %S(S)}. It follows that 
1 



icq \ i (9(;u) -e Q {u))dn G U 

M-^U J(snT e )\se o 

for all G ^(S 1 ). For each Q G ?P(S) and (t,u) £ S 2 x Q, set 

x(t,w) = e a (u)) t4q~\ I {9{-,u) - e Q (uj))dfi. 

Ml^oJ J(snT a )\se 

Consider a function y 2 : (S D Tq) x f2 — > F + defined by 

(1 - c mo )g(t,w) + c mo 
g(t,u>), otherwise. 



i,«(t,w) 



Since y 2 (i,w) » g 2 (i, w) + c mo e for all (t,w) G S 2 x f2, by (A 3 ), ^(2/ s (i,-)) > 
V t (f(t, •)) for almost alH G 5 n Tq and y 2 is an (S n TQ)-allocation. Moreover, 



(3.4) / y Q (- 7 uj)dfi= ((l-c mo )g(-,u) + c mo a(-,u))dfj l 
JsiiT a JsiiTq 

for all w e fl. By Lemma [3~3l the set 

Hq = c\{ \p(E a ),J (y Q - a) d/xj G M x r° : £ 2 G £ S nT a } 

is convex. Using an argument similar to that in the proof of Theorem 13. 61 one can 
find a sequence {T 2 } C T,snT Q such that A*(T 2 ) = Xfi(S fl Tq) and for all w£fl, 

lim / w) — a(-, bj))d(i — Az 2 (cl>), 

where 

(3.5) ^ S M=/ (y e (.,a;)-a(-,w))dM- 



'snT e 

The function & 2 : f2 — > Y" + , defined by 



& 2 M = Az 2 H- / (y 2 (,c)-a(-, W ))^, 



is Q-measurable for all n > 1 and ||6 2 (oj)|| — >• as n — ^ oo for all lu G f2. Note 
that min{^(T 2 n 5 2 J : n > l} > |^(5 n Tq) > 0. Choose an n Q such that 
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2&? (o>) bS- (u) 

G c mn C7 for all u 6 fl. Then c mn e H -, — e r- > for all uj G O. 



Define a function g Q : F® Q x O — >• y + such that 

[ y s (t,tj), otherwise. 

By (A 3 ) and the fact that V t (g% Q (t, •)) > V t (f(t, •)) for almost all t 6 -F 2 , n 5 , 2 o , we 
have V t {g Q {t, ■)) > V t (f(t, •)) for almost all t £ F^nS^. So, g Q is F r f a -allocation 
and Vt(fii s (i, •)) > V t (f(t, •)) for almost all t G i 7 !^. Furthermore, 

(3-6) / ( 5 2 (-, W )- a (., w ))d A1 = Az 9 H 

Q 

for all w G O. Let F = {J{F® a : Q G So /i(-F) = \(i(S). Dehne a function 

h : F x ft -> y+ such that = g Q (t,co) if £ F 2 Q x ft. Then ft, is an 

F-allocation and •)) > ^(/(i, •)) for almost all t G F. By we 

have f F (h(-,u)) — a(- 7 uj))dfi — for all u; G ft. Thus, / is iVF-privately blocked by 
F via h. This proves the theorem for e < fi(S). If /i(S') = fi(T), the proof has been 
completed. Otherwise, fi(T \ S) > 0. Let S" = \J{S% : Q G qj(S r )}. Let A = T\S 

and u = 2(i"^A)/f(A) • Again P^k an arbitrary element Q G ^J(A). By Lemma [3731 
G S = cl | L(B Q ),J^ (a-f-u) d^j elx y° : B Q G SahTq | 



(1 - A)/i(,4 n Tg) and for all w G ft, 



is convex. Hence, there exists a sequence {-B 2 } C E^nTg such that yu(-B fe 



lim / (a(-,w) - /(•, w) - = (1 - A)v 2 (w), 

where 

(3.7) v q (uj)= f (o(-,w)-/(-,w)-«)dM. 

JAnT e 

The function d 2 : ft — > V+, defined by 

df{cj) = (l-X)V Q (u)- [ (a(-, W )-/(-, W )~ U )d M , 



is Q-measurable for all k > 1 and ||<i 2 (w)|| — >• as k oo for all io £ ft. Choose a 

(l-AWAnT a ) 



djf (w) 

fcg such that it — ,._,x Q ,. T . 3> for each to G ft. It is obvious that the function 



/ s : Bf e x fi ^ Y + , defined by 



/ y (t, w ) = /(i, w ) + ,i- 



(i-A)M^nT s ) 



is an Bf -allocation. By (A 3 ), V t {f Q (t, •)) > V t (/(t, •)) for almost all t G 5 2 Q . 
Furthermore, for each uj 6 ft, 

(3.8) / (a(-, W )-/2(., W ))^ = (l-A> 2 M. 

kQ 
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Let B = {Ji B k e : Q G Then, (i(B) = (1 - X)fJ>(A). Now, define a function 

fx : B X Q ->• Y+ such that f\(t,u) = f Q (t,cu) if (t,w) G x Q, and for any 
Q e consider the function y s : S n T s Y+ defined by 

y (i, w) = < 

I y Q (t,u>), otherwise. 

Since $<2(i,w) » ^(t.w) + for all (t,w) £ Sg t x n, by (A 3 ), V t (y*{t,-)) > 
V t (f(t, •)) for almost alU G 5 n Tg. Note that y s is an (5 n Tg)-allocation. Take 
S = \J{S HTg : Q G ¥(S)}. Then, = fj,(S). Define y A : S x fi -4- F+ by 

yx{t, w) = w) if (i, w) G (5 n Tg) x fi. It can be checked that for each weO, 

(3.9) / a(., - / y A (-, u)d^ = c ^d^l e . 

J S J s 

Consider h\ : SxQ ->■ Y + defined by h\(t,u)) = Ay A (i, w) + (l-A)/(i, w). By (A 4 ), 
V t (hx(t, •)) > Vt(f(t, •)) for almost all f £ 5, and further /i A is an 5-allocation. Let 
S = S U B. Since fi(S) = fi(S) + (1 - A)/i(T \ 5), it remains to verify that / is 
A^Y-privately blocked by S. To show this, consider gx : S x O — > Y + defined by 



hx(t,u)), if (t,uj) £5x0; 
/ A (t,w), if (t,u) e B xQ. 



Obviously, gx is an 5-allocation and V t (gx(t, •)) > Vt(f(t, •)) for almost all t e S. 
Furthermore, using (|3.7JI - (|3.9p . it can be simply verified that 



(a(-,w) - gx(-,u))dn = (1 - A) / (o(-,w) - f(-,u))dfi = 

S JT 

holds for all w G f2. This completes the proof. □ 



Remark 3.10. If Y is separable, then without (A 4 ) the conclusions of Theorem l3.6[ 
Remark 13.71 and Theorem 13.91 hold. Indeed, to restore the conclusions in Theorem 
13.61 and Remark l3.7[ note that J s gd/j,, J g fdfj, are in the convex set cl J s Pfdfi. So, 
f s (ag + (1 — a)f)dfj, G cl J s Pfdfj, and by (A3), J g a d\i G J s Pfdfi. Similarly, to 
restore the conclusion of Theorem 13.91 note that J s g^ Q d\x and J s fd[i are elements 
of the convex set cl JgPfdfi. Thus, Jg(Ay® + (1 — ^)/) c ^A t G cl f s Pfd/j, and by 
(A 3 ), /fc A dj» G JgP/dM- 

4. Robust efficiency and different types of 
cores of mixed market economies 

In this section, we study cores and Walrasian expectations allocations in mixed 
economies. We characterize Walrasian expectations allocations in terms of robust 
efficiency, and establish relationships among various types of cores. To achieve these 
goals, we associate the mixed economy £ in Section [2] with an atomless economy 
£*, and then apply results established in Section [3] The space of agents of £ * 
is denoted by (T*,E*,/i*), where T* = T U T* and T* is an atomless measure 
space such that n*(Tf) = /i(Ti) and T n T x * = 0. We assume that (T*, S*,ju*) is 
obtained by the direct sum of (To, £x >Mt ) an< ^ the measure space T-j*, where ^t 
is the restriction of fj, to To. It is also assumed that each agent AeTi one-to-one 
corresponds to a measurable subset A* of Tj* with n*{A*) = fi(A). Each agent 
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t G A* is characterized by the private information set Tt = J 7 a', the consumption 
set Y+ in each state uj G O; the initial endowment a(t, •) = a(A, •); the utility 
function Ut = Ua\ and the prior q t = qa- Therefore, the ex ante expected utility 
function of every agent t G A* is Vt = Va- 

4.1. Robust efficiency. In this subsection, we characterize a Walrasian expecta- 
tions equilibrium of a mixed economy by the private blocking power of the grand 
coalition. For any coalition S, allocation / in £ and any < r < 1, we introduce an 
asymmetric information economy £(S,f,r) which coincides with £ except for the 
initial endowment allocation that is given by 



a(SJ,r)(t,-) 



a(t,-), ift G T\S; 

(l-r)a{t,-)+rf(t,-), ifteS. 



A feasible allocation / in £ is said to be robustly efficient [17j if / is not privately 
blocked by the grand coalition in every economy £(S, f, r). 

Lemma 4.1. Assume that an allocation f* in £* is privately blocked by a coalition 
S* with n*(S*nT?) > 0. Under (Ai)-(A 2 ) and (A 5 ), for any < e < fx*(S* nl?), 
there exist a coalition R* C Uqg'P(t*)(^'* ^ ^~q)> a sub-coalition R^ of R* and an 
R* -allocation g* such that 

(i) J R M;u) -g*(;0j)W* » Ofor allien andV t (g*(t,-)) > V t (f*(t,-)) 
for almost all t G R* , 

(ii) g*(t,u) > for all (t,u) G R{ x fi and = 

(iii) n T*) = e and M *(iT n T*) = ^ff^ /or aH Q G qj(5*). 



Proof. If e = /i*(S* PlT*), the conclusion directly follows from Lemma I3TT1 Assume 
< e < ^i*(S'* n T*). Let 5 = M .( g « nT «) and a = 1 - |. Applying Lemma l3Al one 
has a sub-coalition 5* of S 1 * and an S'*-allocation g* satisfying (i)-(iii) of Lemma 
ED For each Q G <£(£*), by LemmaO the set 

#Q - clj (f(E a ),f{E Q nT*),J^(a -g*)dA £l 2 x Y n : E Q G £ s , nr , | 

is convex. Similar to the proof of Theorem 13.61 for each Q G ty(S*), there exists 
a sequence {£,2} C Z* s « nT , such that jti*(£?2) = 5fi*(S* H T g ), Ai*(£^ n T*) = 

^(S 1 * nr* nr*) and 



lim / (a — g*)dfi* = S / (a ~ g*)dfi* . 

Since n Tg) > n T Q ) for all Q G then n E%) > for 

all n > 1 and all Q G qj(5*). Let £J n = U<2e<p(s*) E n f «r all n>l. Then 

lim / (a — g*)dfi* — 5 / (a — g*)dfi*. 
n-^ooj En J s , 

Pick an n such that /„ (a - g*)dfi* > 0, and put R* = E no , R$ = R* D S*. □ 



Lemma 4.2. [TT] Assume Y is separable. Under (Ai)-(As) and (A5), /* is a 
Walrasian expectations allocation of £* if and only if it is in the private core of £* . 
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Lemma 4.3. [TT] A ssume that £ satisfies (Ai)-(A3) and (A5). Let f* be a feasible 
allocation of Z* and < e < /i*(T*). If f* is not in the private core of £* , then 
there is a coalition S with fi*(S) = e privately blocking f* . 

The following lemma is similar to Theorem 3.5 in [5]. 

Lemma 4.4. Assume that f is a robustly efficient allocation of E. Under (Ai)- 
(A7), there is an allocation f in E such that /|t xO = f , /('i 1 ^) * s constant on Ti 
for each ui G 0, VT x (f(t, ■)) = Vt x (f(t,-)) for allt&T and f T fd/j, = J T fdfx. 

Proof. Consider the allocation / : T x 51 — > Y + defined by 

\ /(*,«), if (t,w) GT x ft; 

, H^StJM^ if (t.wjGTx xfl. 



f(t,u) 



To complete the proof, one only needs to verify Vti(/(£, ■)) = ^Xi(/(*i ')) holds for 
all t G Ti. Suppose that there exists a coalition D C T\ such that Vt ± (f[t,-)) > 
Vt x (f(t, •)) for all t £ D. Then applying an argument similar to that in Lemma [3TTT 
one can find some r\ € (0, 1) and a sub-coalition CCD such that Vri(?*i/(t, •)) > 
VrAfit, ■)) for all t € C. Let r2 = and r 3 = r\ +77 for some 77 > such that 

r3 G (0, 1). Then r 2 G (0, 1]. Suppose that for each 



a(u) = r 2 r 3 f(-,u)d[i-J a(-,ui)dfj,J - r 2 (l - r 3 ) y a(;u)dfjt. 

Note that a(w) G — intY + for each wgfl. Choose an e > such that for each weO, 
a(w) + 5(0,2e) C -intY+. By Lemma EH i? = cl { J E (f - a) G : £ G S To } is 
convex. So there is an E G St such that || J E (f — a) — r 2 r 3 f T (f — a)\\ < (. Pick 
an u G B(0,e) n intF + and put S = E UC. Then, ^(5) < fi(T). Note that the 
function g : S x 51 — >• Y + , defined by 



Sf(*,w) = 



/(*>") + TO' if(*»w)G^xn ; 

r 3 /(f,w) + ^fc), ifMeCxfi, 



is an ^-allocation and •)) > Vt(f(t, •)) for almost all t £ S. Further, w) 3> 

for all (t,w) € S x fl and J s g(-,uj)dfi = f(-,oj)dfi + r 2 r 3 f T f(-,ui)dfx + u for 
all W G a By (Ag), J c a(-, uj)d/j, — r 2 f T a(-,L))d[i for all uj G fi. Then it can be 
easily verified that for all w G a 

-a(w) + ( {g{;u)-a{-,u))dn= f (f - a) - r 2 r 3 [ (/ - a) + « G B(0, 2e). 

It follows that f s g(-,(j)d[i — f s a(-,uj)dfi <C for all cj G a Select an z > such 
that Jg a(-, — J s g(-,Lj)dfi z for each w G 51 and pick an r G (0, 1) such that 
r\f(t,w) < rg(t,w) for all (t,uj) G C x 51. Note that the function h\ : C x 51 — >• F + , 
defined by hi(t,ui) = rif(t,cj), is a C-allocation and Vr 1 (/ii(i, •)) > ^Ti(/(*j ')) f° r 
all t E C. By Lemma 13.41 there is an TVailocation /i 2 : £0 x 51 — > Y + such that 
V t (h 2 (t, •)) > V t {f{t, •)) for almost all t G B , and 

h 2 (;u)d(x= / (rg(-,w) + (1 - r)f(-,u))dfj. 

Eq J Eq 
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for all oj G 0. Now, h : S X — > Y+, defined by 

f fcjfow), if (i,w) e£ xft; 
h{t,uj) = < 

[ Jn(t,w), if eCxSl, 

is an S-allocation, Vt(/i(t, •)) > Vt(f(t, •)) for almost all t € S, and 

(4.1) / h(;uj)dfj,< [ (rg(-,u) + {I -r)f(;u))dn far 
Js Js 

Define a function y ; T X fl — > Y+ such that 

C if (t,w) € 5 x ft; 

[ f(t,u) + J ^, if(t,w)G(T\5)xn. 

By (A3), Vt(y(*, •)) > Vi(/(i, •)) for almost all* G T \ S. Thus, y is an allocation 
and V t (y(t, •)) > Vt(/(t, •)) for almost all t £ T. Furthermore, using (|4.ip and 
J s (a(-,uj) — g(-,u>))dfi 3> z, one can simply verify that for each u> £ CI, 

(y(; u) - a(T \ S, /, r)(-, w))d/i < (1 - r) / (/(•, w) - a(-, w))^ < 0. 

This means that / is privately blocked by the grand coalition in £(T\S, f, r), which 
contradicts with the fact that / is robustly efficient. So ^(/(i, •)) > ^Ti(/(*> ')) 
for all t G Ti. Suppose that there is a coalition W C Ti such that ^(/(i, •)) > 
Vri(/(t) 0) for all * G W. By (A 4 ), one can easily derive 

Vt x (/(t, •)) > ^tt / ^ (/(t, -))dA* - ^ (/(t, •)), 

which is a contradiction. Thus, V Tl (f(t, ■)) = V Tl (f(t, •)) for all £ G Ti. □ 

Next, in answering a question mentioned Herves-Beloso and Moreno-Garcia in 
[171 p. 705] , we provide a characterization of Walrasian expectations equilibria by the 
veto power of the grand coalition in a mixed economy with asymmetric information 
and an ordered separable Banach space whose positive cone has an interior point 
as the commodity space. 

Theorem 4.5. Assume that Y is separable. Under (Ai)-(Ay), f is a Walrasian 
expectations allocation of £ if and only if it is a robustly efficient allocation of £ . 

Proof. Suppose that / is a Walrasian expectations allocation of £ . Applying an 
argument similar to that in [17], one can show that it is robustly efficient. 

Conversely, let / be a robustly efficient allocation of £. By Lemma [4.41 there 
is an allocation / in £ such that /|T xf2 = /, /(-,cj) is a constant c(lj) on T\ for 
each uj £ CI, Vt x {fit, ■)) = Vri if(t, 0) f° r au * G Ti and L fdp, — J T fdfi. Suppose 
that / is not a Walrasian expectations allocation of £. Then / is not a Walrasian 
expectations allocation for £. To see this, let (/, tt) be a Walrasian expectations 
equilibrium for £, d G intl+ and a > 0. By (A3), one has Vt(f(t, •) + ad) > 
V t (f(t, •)) = V t (f(t, •)) for all tGT.lt follows that for almost all t G T, 

53 (ttH, /(t, w) + ad) > X] (7r(w), /(*, w)>. 
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Letting a -> 0, one has £ wen (7r(u;), /(*, w)) > EojenW^)) /(*> So > 
/(i jW )> = £ /(i jW )> < X)W«).o(t,a;)> 

a; £ f2 u; £ O w Ef2 

holds for almost all t £ T, and one has a contradiction. Therefore, the allocation 
/* : T* x 51 — > r+ defined by 



/*(«,«) 



/(t,w), if (t,w) GT x 51; 
c(u), if (t, a) G Tf x 51, 



is not a Walrasian expectations allocation of £*. By Lemma \4.'2\ f* is not in the 
private core of £*. Pick any A G T x with (J,(Aq) = e > 0. According to Lemma 
4~3l /* is privately blocked by a coalition 5* of £* with (i*(S*) = /u*(T ) + e, 
which yields n T*) > e. By Lemma [47TT there exists a coalition R* C 5*, 

a sub-coalition i?i of i?* and an _R*-allocation g* such that (i)-(iii) of Lemma |4~T 
hold. Take a coalition E oi £ such that J5 = (i?* fl To) U Aq, and define a function 
g : E x 51 ->■ F+ by 



c/*(t, w), if (t,w) 6 (iz* nr ) x O; 

i J R * nT * g*{-,u))dpk* , otherwise. 
Further, define another function g* : E* x 51 — > Y" + such that 

<?(*, w), if (t, w) G (-R* n To) x 51; 
g(A ,w), if (t, w) e Aq x 51. 



By (A 4 ), one concludes that g* is an £'*-allocation such that Vt(g*(t, •)) > V t (f*(t, •)) 
for almost all t G E* and f E , g*(-,u)dfj,* < J B „ a(-,Lj)dfi* for all w G 51. Select 
some & 3> such that f„*(a(-,ui)dfi* — <?*(-, ^> & for all a; G 51, and con- 

sider the function gl : E* x 51 — >• Y" + defined by gl{t,Lu) — g*(t,w) + jJFJE*)- 

By (A 3 ), H(^6 (*,•)) > (/*(*,•)) for almost all f G E*. Note that the function 
g b : E x 51 — > Y + , defined by 



g* b (t,u), if (t,uj) e (E H T ) x 51; 

7 /a* 9t{-,u)dli*, otherwise, 



is an _E-allocation such that Vt(gb(t, •)) > Vt(/(t, ■)) for almost all i G -E. Choose 
an r G (0,1) satisfying g(Ao,uj) < rgb(Ao,ui) for each u) G 51. By Lemma 13.41 
there exists an (TJ n T )-allocation hb such that Vt(h b (t, •)) > V t (f(t, •)) for almost 
all t G E H T and J EnTo h b {-,uj)dfi = f EnTo (rg b (-,u) + (1 - r)f(;w))d(i. Finally, 
consider the function h : E x 51 — > Y+ defined by 



h(t,ui) = 



h b (t,u>), if (t, w)e(£n T ) X 51; 
g(t,uj), otherwise. 



Note that /i is an Tv-allocation. Applying an argument similar to the final part of 
Lemma 14.41 one can show that / is not robustly efficient. This is a contradiction 
and so / is a Walrasin expectations allocation. □ 



Remark 4.6. It is clear that the conclusion of Theorem 14.51 is valid in atomless 
economies whenever assumptions (Ai)-(A3) and (A5) hold. By Lemma l4~3l the 
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coalition S of £ (S, f, r) in Theorem 14 . 51 can be chosen arbitrarily small in an atom- 
less economy. Thus, perturbation of small coalition is enough to characterize the 
Walrasian expectations allocations. 

4.2. The RW-fine core and the ex-post core. In this subsection, we establish 
a relationship between the RW-fine core and the ex-post core of £. An information 
structure for a coalition S is a family {Gt : t £ S} of cr-algebras such that Gt C T 
for all t £ S and {t £ S : Gt = £ £ for every cr-algcbra H C J 7 . Since f2 is 
finite, the family {5 C J 7 : is a er-algebra} is finite. Thus, it is possible that for 
an information structure {Gt : i £ 5} of S 1 and two distinct agents t and t' of 5, 
0t = Gt' ■ A communication system for a coalition 5 is an information structure 
{Gt ■ t £ S} for 5* such that "7-"t C C/ t C V'Ps' f° r almost all t £ S, and it is 
called a full communication system ii Gt = \J tys for almost all t £ S*. Further, for 
any a-algebra H with H C J, JF-measurable function / : f2 — >• Y" + and t £ T, let 
be the conditional expectation of / given % with respect to q t . For any 
coalition S, we now assume that an 5-allocation (including initial endowment) is a 
function / : S x fi — > Y + such that /(•, ui) £ Lf(fi, Y+) for each w £ i7 and f(t, •) 
is ^-measurable for almost all t £ S. As mentioned previously, T-allocations are 
simply called allocations. 

Definition 4.7. [37] An allocation / in £ is RW-fin^ blocked by a coalition 5 if 
there are an S'-allocation g, a communication system {Gt}tes for S, and a nonempty 
event A £ Htes & such that J s g(-,ui)dfi = J s a(-,oj)d/j, for all w £ A, and 

Et[E/i(-,ff(V))|ft]M >E t [t/ t (-,/(i,-))|0 t ]H 

for all ui £ A and almost all t £ S. The RW-fine core of £ is the set of all feasible 
allocations that cannot be RW-nne blocked by any coalition. 

Definition 4.8. [3] An allocation / in £ is ex-postly blocked by a coalition S if there 
exist an ^-allocation g and a state Wo £ f2 such that J s g(-,u)o)dfj, — J s a(-,u)o)dfj,, 
and Ut(uiQ, g(t, uiq)) > Ut(u}Q, f(t,uio)) for almost all t £ S. The ex-post core of £ is 
the set of all feasible allocations that cannot be ex-postly blocked by any coalition. 

Lemma 4.9. Assume that f is in the RW-fine core of £. Under (Ai)-(Ag), there 
exists an allocation f in £ such that /|t xo = f , is constant on T\ for each 

ui £ fi, C/tj (uj, /(t, uj)) = UT 1 (w,f(t,u>)) for all (t,ui) £ XixO and J T fd/j, = J T fd/u,. 



Proof. Consider the allocation / : T x SI — > Y+ defined by 

/(t,w), if(i, W )£T xO; 
■j^rj J Ti f(;u)d/i, if (i,w) e^xO. 

One needs to verify Ut x (w, /(t, w)) = 1% (w, /(t, w)) for all (t, w) £ Ti x il. Suppose 
that there exist a coalition D C Ti and a state oj £ ^ such that JJ^ (cj , /(i, cJo)) > 
U^i^iQ, f(t,u)o)) for all t £ D. Then, a contradiction can be derived by a proof 
similar to that of Lemma |4~41 except for the fact that the coalition Eq can be chosen 
as UQe*p(T ) -^o ' wnere each satisfies the condition 



(/(•)W ) - o(-,wo))d/i - r 2 r 3 / (/(•, ui ) - a(-,u) ))dn 

'• JToHTq 



< 



2 RW is the abbreviation of Robert Wilson. 
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the blocking coalition is of the form R = S \J TTq \ Uqg«p(t ) -^fi) > wnere & is 
defined in Lemma 14.41 and the function g : R — > Y + is defined by 

[ /(*,"o) + 5TO. iHei?o; 
»(*) = < r 3 f(t,cj ) + jfic), ifteC; 

[ f(t,ojo), otherwise. 

Note that V^Pfl = V*Pt = -T 7 and f R gdfi < J R a(-,w )dfi. Let & = J R a(-,w ) — 
J R gdfi. Consider a function h : R — » F + defined by /i(i) = <?(i) + ^j^y- By (A3), 
Ut(coo,h(t)) > Ut(uJo, f(t,u)o)) for almost all t £ R. Let A(wo) denote the atom of 
J 7 containing u)q. Define a function y : R X O — >• Y+ by 




if (t, w) e i? x A(w ); 

otherwise. 



Then, ?/ is an i?-allocation. Since a(t,-) is ^-measurable, a(t,u) — a(t,u)') for 
almost all t G i? and all G A(o>o)- Hence, f R y(-,uj)dfi = J R a(-,uj)diJ. for all 

we A(uo). By(A 8 ),V ( Pfl = ^. Thususing(A 9 ),onehasE t [C/ t (-,/(t,-))|V s Pfl] - 
U t (-J(t,-)) and Et[Di(., y(t, -))| Wb] = Ct(-.l/(*.0). Further, for all u G A(w ) 
and almost alH G i?, one has that 

E* y(t, 0)| V Vh] M = EMw,y(t,w)) = tf t (w ,£(t)) 

> U t (u) J(t,u) )) 



E, 



u f (;f(t,-))W/y R ] (U) 



which implies that / is RW-nne blocked by R via y. This contradicts with the 
assumption. Hence, U^fa, f(t,cv)) > E/ti(w, f(t,w)) for all it, u) 6 Tj x II. By 
an argument similar to that in Lemma 14.41 one can further show f/ji (w, /(i, w)) = 
[% (w, / (t, w)) for all (t, wje^x!!. □ 

The following theorem is an extension of Theorem 3.1 in [5] to mixed economies 
with infinitely many commodities and the exact feasibility. In addition, the as- 
sumption *}3<r = *P(r) used by Einy et al. is not assumed in our result. To this end, 
we assume that for each uj G fl, S{uS) denotes the symmetric information economy 
whose space of agents are T, and whose the consumption set, the utility function 
and the initial endowment of agent t are Y + , Ut{oJ, ■) and a(t,u>) respectively. 

Theorem 4.10. Assume that £ satisfies (Ai)-(Ag). If f is in the KW '-fine core of 
£, then it is also in the ex-post core of £. 

Proof. Suppose that / is not in the ex-post core of £ . The allocation / defined in 
Lemma 1431 is not in the ex-post core of £ either. Then there is a state ojq G fl such 
that /(-,u;o) is a feasible allocation in the symmetric information economy £(ujq) 
and is not in the core of £(ojq). Consider an allocation /* : T* x O — » Y + defined by 
f*(t,iu) = f(t,Lj), if (t,w) eT Q xn; and/*(t,w) = f(T u u>), if (t,w) G T?xQ, where 
f(Ti,ui) denotes the constant value of /(•, uj) on T\ for each ui G f2. Then f*(-,uo) 
is a feasible allocation in £*(u>o) and /*(-,Wo) is not in the core of £*(wo)- Choose 
an arbitrary A G Ti and let /x(Ao) = e > 0. Note that under (A 3 ), the conclusion 
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of Lcmma l4.3l also holds with the exact feasibility in a deterministic economy. Thus, 
f*(",Wo) is blocked by a coalition S* via g* such that fj,*(S*) = H*{T ) + e, if 

V*(T* \ A*) < mm{ M *(T n Tq) : Q G <p(T )}, 

and otherwise, fj,*(S*) > /i*(T )-min{^*(T nT Q ) : Q G q3(T )}+ /^(Tj*). Clearly, 
/i*(5*nrr) > e and \/«P(5*) = V^P( r )- Let a = j^rskrW)- A PP lv ing (A 3 ) and an 
argument similar to that in Lemma |4.1[ one can show that there exists a coalition 
R* C Ug e <p ( T*)( 5 '* n T q) blocking /*(•, u ) via h* : R* ^ Y+ in £*(w ) such that 
n Tq) = afj,*(S* n Tq) for all Q G and fj,*(R* n T*) = e. Note that 

y<#{R*) = W(S*). Consider a coalition i? of £ define by i? = (i?* n T ) U A . 
Then, \J<#(R) = \f¥{T). We consider a function ft : i? -> F+ defined by 



ft(t) 



ft*(f), iftGi?*nT ; 
e Ir*dt* h>*d/J>*, otherwise. 

Obviously, U t (uJoMt)) > Ct(w ,/(t,Wo)) if * € n T . By (A 4 ), tf Tl (wo, &(*)) > 
Ut x (wo, /(i, Wo)) if i = ^4o- Moreover, J R hdfi — § R a{-,u)o)dli. Define a coalition 

E = Rli (t \U Qe q3(T ) T Q)- Then V*Pt = V^P-B- Let A ( w o) be the atom of 
V *Pt containing wo- Now, define a function y : E x — >• Y + such that 

ft(i), if (t,u) G i? x A(w ); 
a(t, w), otherwise. 

Then, y is an _E-allocation. Applying an argument similar to that in Lemma 14.91 
one can show that / is RW-Rne blocked by E via y. This contradicts with the 
assumption, which completes the proof. □ 

Remark 4.11. It is obvious from the proof of Theorem 14.101 that a similar result 
holds for atomless economies under (Ai)-(A3), (A5) and (As)-(Ag) only. 

4.3. The weak fine core. In this subsection, we extend Proposition 5.1 in [10] to 
mixed economies with infinitely many commodities and the exact feasibility. We 
also relax the assumption = ^P(T). 

Definition 4.12. A feasible assignment / in £ is said to be in the weak fine core 
of £ if f(t, ■) is V 'Pr-measurable for almost all t G T, and / cannot be Ay-fine 
blocked by any coalition. 

In the sequel, the economy £ s is similar to £ except for the information of every 
agent being V'-Pt- The proof of the next lemma is similar to that of Lemma l4~9l 



Lemma 4.13. Assume that f is in the weak fine core of £ . Under (Ai)-(A7), 
there exists an allocation f such that /|r xO = f> /(■, w) is constant on Ti for each 
(J G Q, Vt± (f(t, ■)) — Vt x (f(t, •)) for almost all t G Ti and J T fd[i = J T fd\i. 

Theorem 4.14. Assume that £ satisfies (Ai)-(Ay). Then f is in the weak fine 
core of £ if and only if f is in the private core of £ s . 

Proof. It is clear that if / is in the private core of £ s , then / is in the weak fine 
core of £ . Now, assume that / is in the weak fine core of £ . Let V be generated 
by the partition {Ai, Ak} of f2, and let X denote the set of all V ^Pr-measurable 
elements of (Y+) . Define a function 7 : X — > such that -f(f) = f s , where 



22 



A. BHOWMIK AND J. CAO 



f s = (f(wi), f(u!k)) if uij G Aj for all 1 < j < k. Now for all ( G T, consider 
a function V t s : Y£ ->■ K defined by V t s (f s ) = V t ('y~ 1 (fs))- Let £ s be a symmetric 
information economy whose space of economic agents is (T, £, /z), and in which the 
consumption set of every agent is YK the utility function and initial endowment 
of agent t are V t s and a s (t) — j{a(t, •)) respectively. Suppose that / is not in the 
private core of £ s . Then f s is not in the private core of £ s . Thus f s is is not 
in the private core of £ B . Applying an argument similar to that in the proof of 
Theorem \TJU\ one can show that there is a coalition R C Uge<p(T) -^Q blocking f s 

via h s such that V = V ^(T). Let E = R U (t \ U Qe <p(T ) T s) ■ Obviously, 

Y«p T = V^b- Define a function y s : £ ->• by 




h s (t), iiteR; 
a s (t), otherwise. 



Note that V t s (y s (t)) > V t s {f s (t)) for almost all t G Furthermore, J^y 8 ^ = 
/„ a s <i/x. Let y(t, •) = 7 _1 (2/ s (i)) for all t £ E. Then, ?/(<,•) is V ^P^-measurable and 
V t (y(t, •)) > V t (f(t, •)) for almost all t E E. Moreover, f E y(-,uj)dfi — J E a(-,u)dfj, 
for all w S Q. Thus, / is also iVy-fine blocked by E via y. This contradicts with 
the fact that / is in the weak fine core of £ . Consequently, / must be in the private 
core of £ s . □ 

Remark 4.15. A similar conclusion can be derived for atomless economies under 
(Ai)-(A 3 ) and (A 5 ) only. 
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